Abstract. Partial metric spaces are generalizations of metric spaces which allow for non-zero self-distances.
Introduction
The introduction of the mathematics of nonzero self-distance was felt necessary in the domain of computer science. It was felt that in order to make possible a metric approach to certain problems of denotational semantics [34] the concept of metric needed to be extended. Such a generalization was proposed by Matthews in [23, 24] where he introduced the notion of partial metric space in which the distance of a point from itself may not be zero. Our interest is in fixed point problems.
Independent of the consideration in computer science, the structure is mathematically interesting. There are several natural examples of these spaces. The topology here is T 0 -topology in general. Particularly, fixed point theory on this space has developed rapidly in recent times. Several aspects of this study are discussed in works like [1, 3-5, 20, 21, 29, 33, 37] .
In metric spaces we find a lot of efforts to generalize the Banach's contraction mapping principle as, for instances, in [6, 10-13, 25, 35] . Particularly, weak contraction principle is a generalization of Banach's contraction principle which was first given by Alber et al. in Hilbert spaces [2] and subsequently extended to metric spaces by Rhoades [32] . A weak contraction is intermediate to a Banachs contraction and a nonexpansive mapping. The weak contraction principle established by Rhoades [32] was further generalized by several authors like Dutta and Choudhury [15] , Popescu [30] , Choudhury and Kundu [8] etc. There are several other fixed point results of weakly contractive mappings and their generalizations. Some instances of these works are noted in [7, 9, 14, 26] .
In recent years fixed point results has experienced a rapid development in partially ordered metric spaces. An early result in this direction is due to Turinici [36] in which fixed point problems were studied in partially ordered uniform spaces. Later, this branch of fixed point theory has developed through a number of works some of which are in [17, 18, 27, 28, 31] . Particularly, Harjani et. al have established a generalized weak contraction principle in partially ordered metric spaces [17] .
The purpose of this paper is to introduce aĆirić type weak contraction mapping with the help of discontinuous control functions and to establish that such a function has a fixed point in a complete partially ordered metric space. Our main result has several corollaries and is supported with examples. One of the examples shows that the corollaries are properly contained in the theorem. We give applications of our results in partial metric spaces. Our approach is a blending of analytic and order theoretic methods.
Mathematical Preliminaries Definition 2.1 ([23]).
A partial metric on a nonempty set X is a function p : X × X → R + such that for all x, y, z ∈ X:
Then (X, p) is called a partial metric space. From (P1) and (P2), it is clear that p(x, y) = 0 implies x = y. But for x = y, p(x, y) may not be 0. Each partial metric p on X generates a T 0 topology τ p on X, whose base is a family of open p -balls {B p (x, ) : x ∈ X, > 0}, where B p (x, ) = {y ∈ X : p(x, y) ≤ p(x, x)+ } for all x ∈ X and ε > 0 [23] . If p be a partial metric on X, then d p :
p(x n , x m ). Let (X, p) be a partial metric space. A sequence {x n } converges to a point x ∈ X with respect to τ p if and only if p(x, x) = lim n→∞ p(x, x n ). Also, {x n } is called a Cauchy sequence if lim n, m→∞ p(x n , x m ) exists and is finite. A partial metric space (X, p) is said to be complete if every Cauchy sequence {x n } in X converges with respect to τ p to a point x ∈ X such that p(x, x) = lim n, m→∞ p(x n , x m ). A mapping T : X → X is said to be continuous at x 0 ∈ X if for every > 0 there exists δ > 0 such that T(B p (x 0 , δ)) ⊆ B p ( f x 0 , ). This definition implies that if a function T : X → X is continuous then Tx n → Tx whenever x n → x as n → ∞.
Definition 2.2 ([20]).
A sequence {x n } in a partial metric space (X, p) is called 0-Cauchy if lim n, m→∞ p(x n , x m ) = 0.
We say that (X, p) is 0-complete if each 0-Cauchy sequence in X converges to a point x ∈ X such that p(x, x) = 0.
Note that, each 0-Cauchy sequence in (X, p) is Cauchy in (X, d p ) and every complete partial metric space is 0-complete. Let (X, p) be a partial metric space, T a self map on X, d the constructed metric in Proposition 2.4 and x, y ∈ X. We define
, for all x, y ∈ X with x y.
The proof of the lemma is almost identical with that of Lemma 2.2 in [16] . We do not give the details of proof here. Instead, we refer it to [16] . Khan et al. [22] initiated the use of a control function that alters distance between two points in a metric space, which they called an altering distance function. In our results in the following sections we will use the following class of functions.
ψ an altering distance function} and
Main Results
Theorem 3.1. Let (X, ) be a partially ordered set and suppose that there is a metric d on X such that (X, d) is a complete metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Suppose that there exist ψ ∈ Ψ and ϕ, θ ∈ Θ such that
for any sequence {x n } in [0, ∞) with x n −→ t > 0,
and for all x, y ∈ X with x y,
where
Also suppose that (a) T is continuous or (b) X has the following properties: (i) if a nondecreasing sequence {x n } −→ x, then x n x, for all n ≥ 0;
(ii) if a nonincreasing sequence {y n } −→ y, then y y n , for all n ≥ 0.
If there exists x 0 ∈ X such that x 0 Tx 0 , then T has a fixed point in X.
Proof.
Starting with x 0 , we construct the sequence {x n } such that
Since T is non-decreasing and x 0 Tx 0 , we have
Let R n = d(x n+1 , x n ), for all n ≥ 0. Since x n+1 x n , from (3) and (4), we have
that is,
which, in view of the fact that θ ≥ 0, yields ψ(R n+1 ) ≤ ϕ(R n ), which by (1) implies that R n+1 ≤ R n , for all positive integer n.
which, in view of the fact that θ ≥ 0, yields ψ(R n+1 ) ≤ ϕ(Q n ) = ϕ R n+1 + R n 2 , which by (1) implies that
, that is, R n+1 ≤ R n , for all positive integer n.
From the above discussion, {R n } is a monotone decreasing sequence of nonnegative real numbers. Hence there exists an r ≥ 0 such that
Then by (9),
Taking limit supremum in both sides of (7), using (9), the continuity of ψ and the property of ϕ and θ, we obtain
which, by (2) and (9), is a contradiction unless r = 0. Arguing similarly as mentioned above, from (8) and (10), we have
which, by (2) and (10), is a contradiction unless r = 0. Hence, we have
and
Next we show that {x n } is a Cauchy sequence. Suppose that {x n } is not a Cauchy sequence. Then there exists an > 0 for which we can find two sequences of positive integers {m(k)} and {n(k)} such that for all positive integers k,
Assuming that n(k) is the smallest such positive integer, we get
Letting k −→ ∞ in the above inequality and using (11), we have
Again,
Letting k −→ ∞ in above inequalities, using (11) and (13), we have
Letting k −→ ∞ in the above inequalities and using (11) and (13), we have
Similarly,
As n(k) > m(k), x n(k) x m(k) , from (3) and (4), we have
By (11), (13), (15) and (16),
Taking limit supremum in both side of the inequality (17), using (14), (18), the continuity of ψ and the property of ϕ and θ, we obtain
which, by (2) and (18), is a contradiction. Hence {x n } is a Cauchy sequence. From the completeness of X, there exists z ∈ X such that
Let the condition (a) holds. The continuity of T implies that Tz = lim n→∞ Tx n = lim n→∞ x n+1 = z, that is, z is a fixed point of T Next we suppose that the condition (b) holds. By (5) and (19), we have x n z for all n ≥ 0. Then applying (3) and using (4), we have
By (19), we have
Taking limit supremum in both side of the inequality (20), using (19) , (21) , the properties of ψ and the property of ϕ and θ, we obtain
Arguing similarly as discussed above, we have
which, by (2) and (21), is a contradiction unless d(Tz, z) = 0, that is, z = Tz, that is, z is a fixed point of T.
Considering ψ to be the identity mapping and θ(t) = 0 for all t ∈ [0, ∞) in Theorem 3.1, we have the following corollary. Corollary 3.2. Let (X, ) be a partially ordered set and suppose that there is a metric d on X such that (X, d) is a complete metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Suppose that there exists ϕ ∈ Θ such that for any sequence {x n } in [0, ∞) with x n −→ t > 0, lim ϕ(x n ) < t and for all x, y ∈ X with x y,
where M(x, y) same as in Theorem 3.1. Also suppose that the condition (a) or (b) (mentioned in Theorem 3.1) holds. If there exists x 0 ∈ X such that x 0 Tx 0 , then T has a fixed point in X.
Considering ϕ to be identical with the function ψ in Theorem 3.1, we have the following corollary. Corollary 3.3. Let (X, ) be a partially ordered set and suppose that there is a metric d on X such that (X, d) is a complete metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Suppose that there exist ψ ∈ Ψ and θ ∈ Θ such that for any sequence {x n } in [0, ∞) with x n −→ t > 0, lim θ(x n ) > 0 and for all x, y ∈ X with x y,
If ψ and ϕ are the identity mappings in Theorem 3.1, we have the following corollary.
Corollary 3.4. Let (X, ) be a partially ordered set and suppose that there is a metric d on X such that (X, d) is a complete metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Suppose that there exists θ ∈ Θ such that for any sequence {x n } in [0, ∞) with x n −→ t > 0, lim θ(x n ) > 0 and for all x, y ∈ X with x y,
Considering ψ and ϕ to be the identity mappings and θ(t) = (1 − k)t, where 0 ≤ k < 1 in Theorem 3.1, we have the following corollary. Corollary 3.5. Let (X, ) be a partially ordered set and suppose that there is a metric d on X such that (X, d) is a complete metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Assume that there exists k ∈ [0, 1) such that for all x, y ∈ X with x y,
In the following, our aim is to prove the existence and uniqueness of the fixed point in Theorem 3.1. Theorem 3.6. In addition to the hypotheses of Theorem 3.1, suppose that for every x, y ∈ X, there exists u ∈ X such that u x and u y. Then T has a unique fixed point.
Proof. From Theorem 3.1, the set of fixed points of T is non-empty. We shall show that if x and y are two fixed points of T, that is, if x = Tx and y = Ty, then x = y.
By the assumption, there exists u 0 ∈ X such that u 0 x and u 0 y. Then, similarly as in the proof of Theorem 3.1, we define the sequence {u n } such that
Monotonicity of T implies that T n u 0 = u n x = T n x and T n u 0 = u n y = T n y.
Let G n = d(x, u n ). Since u n x, using the contractive condition (3), we have
which, in view of the fact that θ ≥ 0, yields ψ(G n+1 ) ≤ ϕ(G n ), which, by (1), implies that G n+1 ≤ G n , for all positive integer n.
which, in view of the fact that θ ≥ 0, yields ψ(G n+1 ) ≤ ϕ(H n ), which, by (1), implies that G n+1 ≤ H n = G n + G n+1 2 , that is, G n+1 ≤ G n , for all positive integer n.
From the above discussion, {G n } is a monotone decreasing sequence of nonnegative real numbers. Arguing similarly as in the proof of Theorem 3.1, we have
Similarly, we show that
By the triangle inequality, and using (24) and (25), we have
which implies that x = y, that is, T has a unique fixed point in X. Let T : X → X be defined as follows
Let ψ, ϕ , θ : [0, ∞) → [0, ∞) be defined as follows:
For x 0 = 10, Tx 0 = 8. Then we have x 0 Tx 0 . Now, we will verify that (3) is satisfied for all x, y ∈ X with x y. With out loss of generality we assume that y > x. Then the following cases are possible. Case I x ∈ {0, 1, 2} and y ∈ {1, 2} then
, if x 0, and
, otherwise.
Cases III x ∈ {3, 4, 5...}, y ∈ {4, 5, ...} then
In all the cases the inequality (3) is satisfied for all x, y ∈ X with x y. Hence the required conditions of Theorem 3.1 are satisfied and it is seen that 0 is a fixed point of T.
Thus, for all x, y ∈ X with x y, we obtain
Then by using Theorem 3.1, T has a fixed point.
Corollary 4.2. Let (X, ) be a partially ordered set and suppose that there is a partial metric p on X such that (X, p) is a complete partial metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Suppose that there exists ϕ ∈ Θ such that for any sequence {x n } in [0, ∞) with x n −→ t > 0, lim ϕ(x n ) < t and for all x, y ∈ X with x y,
where M p (x, y) same as in Theorem 4.1. Also suppose that the condition (a) or (b) (mentioned in Theorem 4.1) holds. If there exists x 0 ∈ X such that x 0 Tx 0 , then T has a fixed point in X.
Corollary 4.3. Let (X, ) be a partially ordered set and suppose that there is a partial metric p on X such that (X, p) is a complete partial metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Suppose that there exist ψ ∈ Ψ and θ ∈ Θ such that for any sequence {x n } in [0, ∞) with x n −→ t > 0, lim θ(x n ) > 0 and for all x, y ∈ X with x y, Corollary 4.4. Let (X, ) be a partially ordered set and suppose that there is a partial metric p on X such that (X, p) is a complete partial metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Suppose that there exists θ ∈ Θ such that for any sequence {x n } in [0, ∞) with x n −→ t > 0, lim θ(x n ) > 0 and for all x, y ∈ X with x y, p(Tx, Ty) ≤ M p (x, y) − θ(M p (x, y)), where M p (x, y) same as in Theorem 4.1. Also suppose that the condition (a) or (b) (mentioned in Theorem 4.1) holds. If there exists x 0 ∈ X such that x 0 Tx 0 , then T has a fixed point in X.
Corollary 4.5. Let (X, ) be a partially ordered set and suppose that there is a partial metric p on X such that (X, p) is a complete partial metric space. Let T : X −→ X be a nondecreasing mapping with respect to . Assume that there exists k ∈ [0, 1) such that for all x, y ∈ X with x y, p(Tx, Ty) ≤ k M p (x, y), where M p (x, y) same as in Theorem 4.1. Also suppose that the condition (a) or (b) (mentioned in Theorem 4.1) holds. If there exists x 0 ∈ X such that x 0 Tx 0 , then T has a fixed point in X.
Theorem 4.6. In addition to the hypotheses of Theorem 4.1, suppose that for every x, y ∈ X there exists u ∈ X such that u x and u y. Then T has a unique fixed point.
